Equation Solving and Hikorski Triples

The following worksheet was devised initially for my GCSE Intermediate
re-takers, and just went through the roof!

Put each of the numbers in the bag into a diffecante, to make an
equation.

Ox +O=0x + O

How many different equations can you make?
Solve them all, and see what possible values oifse as solutions.
Try placing your own numbers into the bag.
What is the largest possible number of differemitsans for x?

Suppose that the bag contains
the distinct positive whole numbers a, b, c, d.

Let S be the set {p: p is the solution for x in af¢he possible equations}
Show thatif pisin S, then sois 1/p and so is -p
What is the largest number of positive integer$ $hean contain?
Using your own values for a, b, c, d,

give an example of how this maximum number maylitained.

Without doing any further calculation,
find the other members of S in this case.



If S contains three distinct positive integers,
then these are called a Hikorski triple, or an HT.

Show that putting four numbers that are in arithongtogression into the
bag will always give the same solution set S.

Show that putting four numbers in arithmetic pr@gren into the bag
will never give a Hikorski triple.

Show that putting the numbers 1, 2, 3 and 2k im¢oltag will always give
a Hikorski triple, if k is a whole number largeath?2.

Show that the numbers 1, 2, 4 and 6k +5 will alwgiye an HT,
for k a whole number larger than O.

Show that the positive numbers 1, 2, 5, and 128 will always give an
HT, for k a whole number greater than or equal.to O

What about 1, 2, r and s?
Can we always find a value for s that will givetdin
for any natural number r?

Compare the HT generated when 1, 2, 4, 11 aresibaly with that
generated by 1, 2, 3 and 8: is this a coincidence?

Show that for any distinct natural numbers a and w,
and for any distinct natural numbers j and k gretitan 1,

a,at+tw,a+jw,a+ (Jk-1)(j-Lw
are a quartet that give an HT when placed in tige ba

Show that the HT generated here is (jk-1-k, jkid-1((j-1) - j)
(which is independent of a and w).

Show that in this case, the HT can be written as:

X, Y, (Xy-1)/(x-y)



Let us say that x 0 y = (xy-1)/(x-Y)

Show that x 0 y has a curious property,
in that the recurrence relation defined by:

Unp2=UnpOUpsy
Is periodic, with period six.

Show thatif p, gand r are an HT, p < q <r, then:

rop=aq, gqgop-=r, -rog=p

Show ifa andp} are two members of an HT, with< 3,
then the other is eithgd oa or (f3) oa.

Show that by putting u=q, and y = p,
the recurrence relation will generate half of S.

Show that putting 4= (1/q), and y = p,
we generate four more elements of S.

Show the rest of S is generated by, u, = (1/p)

Show that if the bag contains a, b, ¢, and d, tepfacing them with
a+w,b+w,c+w,d+ wwill give exactly thensa solution set S.

So therefore we need only consider the numbersk),ain the bag
without loss of generality.

Show that if S contains an HT, then it must be jpdss$o write it as
P, 4, g O p, that is, every HT is of this form.

Show that if you have three natural numbers suahtttey can be written

P.4,90p,
then these will be generated in S if the bag caostaither

{0,09-1, p-1,pg-1} or {0, pa-1,pqg+q,pqg+ p}



Thus three distinct natural numbers p, q, T,
withp<g<r,areanHE r=qop

Show that our formula (jk-1-k, jk-1, (jk-1)(j-1)j} (call this Formula One)
fails to generate all HTs, by finding one that dueft the pattern.

Can we find a formula that will generate all HTs,
in the way that (2pq, p? - g3, p? + g?) generateRythagorean triples?

Show that (jk +1 - k, jk+1, (jk + 1) (-1) + 13 an HT too.
(Call this Formula Two).

Find an HT that Formula Two generates,
but which Formula One does not.

(You might want to draw up a spreadsheet
that shows where the HTs occur.)

Show that Formula One and Formula Two together
still fail to generate all HTs.

Show that (6n + 5,10 n + 9, 15n + 11) and (6n 30n, +11, 15n + 19)
give HTs for all natural numbers n,
and that these supply some of the missing HTs.
To find: a Formula that generates all HTs and ¢tilg!
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