Finding Patter nsin Simultaneous Equations

Ever more powerful calculators on the market, thdifferentiate,
interpolate, and make you a cup of tea. An uneapaiiviooon, or a way to
avoid acquiring knowledge you should have at yougdrtips? It is often
said in their favour that these new machines widllde us and our
students to ask investigational questions aboujtteutopics - freed of the
drudgery of endless mechanical processes, we a@mpatierns that would
not be accessible otherwise. This is an accounbwfl and a few of my
students tried this, with simultaneous equations.
Simultaneous-equation-solving is not an activipatticularly enjoy, and
I’'m quite happy to leave it to my calculator, esp#y if I'm doing twenty
in a row. | started with two unknowns.

ax+hby=c

dx +ey=f
The obvious thing seemed to be to tap,if, 3, 4, 5, 6 for the coefficients.
This solvestox=-1,y =2.
Trying 2, 3, 4, 5, 6, 7 gave the same solution.

Trying my first set of numbers backwardg®, 4, 3, 2, 1 gave the same
solution again.

How about numbers that form part of an arithmedites?

8,11, 14, 17, 20, 23, and those same numbers in reverse gave the same
solution.

| was wondering by now what | had to do NOT to it solution, or if
my calculator had packed up. | decided to usdla atgebra.

ax + (@a+d)x =(@a+2d)
(a+ 3d)x + (a+4d)y =(a+5d)

Everything cancelled remarkably obligingly to give -1,y = 2.



| wondered how to generate some more thoughtsaof from this
situation.

Clearly, from the above, if we have numbers fromAathmetic Series,
the solution ig-1, 2).

Does a solution of1,2) mean that the numbers are from an Arithmetic
Series?

A counter-example here is very easy to construck any four numbers
for a, b, d, e, not in any pattern, substitute (#i1,2) and get values far
andf.

If A is the statementhe coefficients are from an arithmetic series

andB is the statementhe solutionis(-1,2)

then seeing tha impliesB but thatB does notmply A would be a good
experience for my students, | felt.

By now the questions were multiplying, and | tobk tvhole situation
along to the regular lunchtime group. Almost imnagelly, suggestions
were made.
Sam said: “Think of a number, take some other nurabay from this,
this add the second number you thought of on t@tiggnal. This gives
you your top three numbers. Do the same with @idifft pair of numbers
to get the bottom three numbers.”
For example, 12x + 7y =17

and 11x + 8y =14

give the solutior2,-1)

“You always get?2, -1) ",
Nice to get away front1, 2), if not very far away. In fact, swapping the xs

and ys takes us back to arithmetic series, and giwe the old solution.
Sam'’s idea does suggest, however, that a trigdet &n arithmetic series



followed be a triplet from another arithmetic serggves(-1, 2), which it
does. Indeed, going back to ideas of proof, wenmam show that ifA is
the statemerthe coefficients are two triplets fromarithmetic series, andB
Is the statemernthe solutionis ( -1, 2), thenA is true if and only iB is
true.

Now we turned to the Fibonnacci sequence, andab&an really took off.
Take any six consecutive numbers from the Fiborirfa@guence starting
1,1, 2, 3,5... gave the solutiofl,1), which was fairly obvious when we
thought about it. Using these numbers backwards avl).

Taking every second number from the sequenceirngahywhere, gave
(-1,3).

Every third number gavg.,4).

Every fourth number gauvel,?).

Discoveries were coming so thick and fast now tiator three people
were shouting out simultaneously (perhaps apprpimaview of the
exercise.)

“The value for x swaps around...”
“The value for y is Fibonnacci too..”

We tried every fifth in the sequence, and everthsia verify.

One fascination for me was how easy it seemed to get whole
numbers as a solution. It raised for me the follm\uestion:

Pick six integersa, b, ¢, d, e, f at random from 1 to 100 (with
replacement).

Solve ax+hby=c
dx +ey=f
What isthe probability that you get an integer solution for x and y?

A graphics calculator program to look at this expentally suggested the
answer would be somewhere between 1/400 and 1/500.



What happens when you leap to equations in thrkeawns?

Tryingl,1,2,3,5....... did not produce an answer within the magkin
capabilities.

How aboutl, 1,1, 3,5, 9, ..., where the next term is found by adding the
previous three? Entering the first twelve termghef sequence gave the
solution(1,1,1). What happens if we enter every other number fitwen t
sequence? This gave the solutityi,3). The limits imposed by the
machine (only taking six-digit numbers) were begugrto pinch. What if
we take the first twelve numbers and making evéngonumber

negative? We got the soluti¢nl, 1, -1). Trying to predict the result of
each trial was a good test of our intuition.

So, this all leaves a large number of loose ent$aamultitude of
directions to explore, from matrices, Fibonnaccgarties, to the meaning
of proof, to algebraic manipulation. | was leftlfag that this is a fertile
situation, made possible by the calculators. Yauigagine similar
investigations with more advanced machines ovéermdihtiating functions
that lie in patterns, or factorising polynomialatthe in patterns. My
students were able to take off on this exerciseyTaund this to be
mathematics that was fun, perhaps because we weecligely to be
asking questions that not many other people hagdasé&fore.
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